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Let p(z2)=1+37_,4 b;z/ be a complex polynomial. Two theorems on the coef-
ficients and zeros of p(z) are proved in this paper. © 1999 Academic Press

Let
pz2)=1+byz+ --- +b,z"
be a complex polynomial. There is a close connection between the location
of the zeros of p(z) and its coefficients. Some results on the connection were

given by Alzer [ 1] and Rahman [2].
The following result is a version of Alzer’s Theorem.

THEOREM A. Let p(z)=1+byz+ --- +b,z" with n=2 and b, #0. If
p(zo) =0, then

| |< n—1 +<i bn—j j2>l/2 (1)
ol & o )
0 b, Slb
where
B[\~
oc=<max > S by=1.
2<j<n bn

In this note, we prove two theorems on the coefficients and zeros of a
polynomial.

THEOREM 1. Suppose that p(z)=1+b,z+ --- +b,z" with b, #0. If
p(zo) =0, then

n—j
by

» (2)

j=1

(ji |bj|ﬁf—1>_1<|zo|<i

=1

where f=1/max, < ;<, |b;|"”, and y=1/max, < ;<,, |b,_;/b,|"" (by=1).
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THEOREM 2. Suppose that p(z)=1+b,z+ --- +b,2" is nonvanishing in
|z| < 1. Then

(1) b, | <1 (3)

(i) fork=1,2,..,n—1 (when n=2),

n—1 n—1
< 4
b <(" )+ () )l @)
(with the convention (" ') =1). The estimate (4) is the best possible as the
Sunction p(z)=(1+z)""' (1 +|b,| z) shows.

Proof of Theorem 1. Write K=3"_, |b;| f/~'. Then
BK= |b| pi=>1.
j=1
Hence, for j=1,2, .., n,
b1 p7 K71 = b,

Thus, for |z| < 1/K,

n n

Yo obizZ | <Y b K/ Y (b fTIK T =1

j=1 j=1 j=1

Hence we obtain that, for |z| < 1/K,
Ip(z)| =1—|) b,z/|>0.
j=1
This implies that if p(z,) =0, then |zy| > 1/K. The first inequality in (2) is
proved.
Let
l 1 b -1 b —2 bl 1
—__/n — =1 n _n—2z2 #2 1l rn—1 —
q(0) bn£p<é> 7 {+ b, &+ +an +an

Since p(zo) =0 we have ¢(1/z,) =0. It follows from what we have just
proved that

1 1
j=1l bn
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where

1

5 and bo=1.

y=
max

1<j<n

Y
n—j

n

This proves the second inequality of (2).

We point out that, in some instances, the upper bound of zeros given by
(2) is better than the one given by (1). For instance, let

p(Z) = 1 -i_bn—lzn_1 +bnzn

with b, #0 and p(z,) =0. Then by Theorem A we have

bn—l

20l < |75+ 1al
However, by Theorem 1 we obtain
n—1
n—1 4
Zo| < + ,
S AT

where y = 1/max(|b, _,/b,|, |1/b,|"") < |b,|"". We see that

n—1

T«
|b,,]

b

n—1

b,

+ 2

n—1
b,
The proof of Theorem 2 needs the following lemmas.

LemMA 1. Let x;, X5, ..., X, be real numbers and ¢ =x,x, --- x,,.

(1) If0<x, <1 fork=1,2, .., n, then

X1+XxX,4+ - +x,<n—1+c (5)

(i) If xg=1 for k=1,2, .., n, then (5) holds also.
(1) If0<x,. <1 for k=1,2,.. n, then

c ¢ c
—4—F - +—<1l4+n-1)e (6)
xl x2 xn
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Proof. We prove (i) by mathematical induction. For n =1, (5) is trivial.
Assume (5) holds for n—1. We can assume that x;x,---x, #0. Hence
x, #0 and ¢<x, <1. Thus

X1+ X+ o+ X, 1+ X, <n—=24+X,X, - X,_1+X,
¢
=n—2+—+x,
xn
<n—2+4+1+c¢
=n—1+c

This proves (1).
Similarly, we can prove (ii).
If0<x,<1 for k=1,2, .., n then by (ii)

11 1
—+—+ - +—<n—1+

X1 X2 n Xy Xp oo Xy

It follows that (6) holds. This completes the proof of Lemma 1.

Let a,, a,, ..., a, be real numbers. For k=1, 2, .., n let (a,, a,, .., a,; k)
denote the coefficient of x* in the polynomial [T7_, (1 +a;x). We have the
following result.

LeEmMMA 2. Let x4y, Xy, .., X, be real numbers and c¢=x,;x,---x, with
n=z2. If 0<x;<1 for j=1,2,..,n, then for k=1,2,..,n—1

(xl,xz,...,xn;k)<<n;1>+<z:i>c (7)

with the convention ("')=1.

Proof. For n=2, part (i) of Lemma 1 shows that

—1 -1
(X1, Xgy e X3 D) =X+ X5+ -+ +xn<n—1+c=<n1 >+<n0 >c.

If ¢#0, then 0 <x;<1, j=1,2, .., n Part (iii) of Lemma 1 shows that

c ¢
(X1, X5y ey Xy —1)=—+—+4 .- +
X1 X2 Xn



NOTE 409

If ¢ =0, then at least one Xx; is zero. We can assume that x; = 0. Then

—1 -1
(xl,xz,...,xn;n—1)=x2x3---xn<1=<n >+<n >c.

n—1 n—2

Now we have proved that (7) holds for k=1 and k =n— 1 whenever n > 2.

Now we proceed by mathematical induction. For n=2 and n=3 we
have proved that the claim of Lemma 2 holds as the above shows. Assume
it holds for n. For n+ 1 it is sufficient to prove that

n n
(X105 X0y ooy Xy Xpy15 K) < k + k—1 X1 Xp oo Xp Xy p1

for k=2, 3, ..,n—1. We can assume that x, #0. Then for k=2,3,...,n—1
(xla xla ooy xns xn+1;k)

=X1(X0, X35 ey X135 K— 1)+ (X5, X35 000y Xy 15 K)

n—1 n—1 n—1
<X k—1 + P XoX3 X,y |+ k
n—1
+ k—1 XpX3 Xy
n—1 XXy o0 X, n—1 n—1
:<k—1><xl+ s +1>+<k—2>"”‘2""‘"“*( K >
n—1 n—1 n—1
< k—1 (T+xx+ x4 0) + k—2 X1 Xp X4+ k

n n
:<k>+<k—1>x1x2 Xt

Hence the claim holds for n + 1 and this completes the proof of Lemma 2.

Proof of Theorem 2. Let p(z)=1+byz+ --- +b,z"=[1/_, (1 +o;z).

j=1
Since p(z) is nonvanishing in |z| <1, we have || <1 for j=1,2, .., n
Hence

b, | =loyay - -0, | < 1.

By Lemma 3, for k=1,2,..,n—1 (when n>2) we have

n—1 n—1
A e o X G 1

This completes the proof of Theorem 2.
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